We show that the boundary of any bounded strongly pseudoconvex complete circular domain in ℂ 2 must contain points that are exceptionally tangent to a projective image of the unit sphere.
BACKGROUND
A vertex of a smooth plane curve may be viewed as a point at which there is a circle exceptionally tangent to to the curve; that is, there is a circle with fourth-order (or better) contact with the curve at the vertex in contrast with with the situation of a non-vertex at which third-order contact is the best possible. (What we are calling the order of contact here is also known as the "point-contact order" [Rut, §5.1.1 ]. An alternate convention -used for example in the study of jets of functionsreduces the orders by one.)
The famous four-vertex theorem ( [Muk] , [Kne] , [Oss] ) says the every smooth Jordan curve in the plane has at least four vertices. There are corresponding results giving lower bounds for the size of the set of affine vertices where a curve is exceptionally tangent to a conic [Muk] , for the set of umbilic points on a smooth non-toric compact surface in ℝ 3 where the surface is exceptionally tangent to a ball (see for example [Ber, , noting the unresolved Carathéodory conjecture), for the set of points where an orientation-preserving diffeomorphism of the unit circle is exceptionally tangent to a holomorphic automorphism of the unit disk ( [Ghy] , [OvTa] ), and for the set of CRumbilic points on the boundary of a real ellipsoid or bounded complete circular domain in ℂ 2 that are exceptionally tangent to a local biholomorphic image of the unit sphere ( [HuJi] , [EbSo] ; note also the counter-example in [ESZ] ).
The order of contact at stake in the last batch of results is seven, and the points in question are those where a certain sixth-order tensor (due to Cartan [Car1] , [Car2] ) vanishes.
In the current work we again consider real hypersurfaces in ℂ 2 or the projective space ℂℙ 2 , looking at orders of contact with projective images of the unit sphere (equivalently, with ℂ-affine images of the unit sphere or the Heisenberg hypersurface {Im 2 = | 1 | 2 } ). The special points are the projective-umbilic points at which third-order contact is possible.
Due to the discrepancy in the collection of allowable maps on the one hand and the order of contact on the other hand, CR-umbilic points need not be projective-umbilic, nor vice versa (see Example 6 below.) Date: September 23, 2019. 2010 Mathematics Subject Classification: 32V99. The first author was supported in part by NSF grant numberDMS-1500142.
We show below that boundary of any bounded strongly pseudoconvex circular domain in ℂ 2 must contain projective-umbilic points.
A BELTRAMI-STYLE TENSOR
The following tensorial object will prove useful: for a smooth real strongly pseudoconvex hypersurface in ℂ 2 with defining function we set
on , where the subscripts denote differentiation. (The non-vanishing of the denominator here is well-known to be equivalent to the strong pseudoconvexity of .) The last factor above is to indicate that this object is to be viewed as a section of the product of the canonical bundle of (2, 0)-forms with the conjugate-inverse of that bundle. (In a one-variable setting this reduces to the reciprocal of the Beltrami differentials ( ) used in particular in the study of quasi-conformal mappings, as for example found in [Leh] .)
Proof. For (2.1a), check that if is replaced by ⋅ with non-vanishing then both the numerator and denominator above pick up a factor of ( ) 3 at ∈ . For (2.1b), first recall that automorphisms of ℂℙ 2 have the form ( 1 , 2 ) ↦ + 1 + 2 + 1 + 2 ,
invertible. The group of these automorphisms is generated by the invertible affine transformations together with the particular transformation
the transformation law can be verified by straightforward computation in either case.
In view of (2.1b), the construction of ℬ also makes sense on a strongly pseudoconvex real hypersurface in ℂℙ 2 -see [Bar, §5.3] for a more directly projective approach to the construction and the transformation law.
Proposition 2. If
is the unit sphere ( 1 , 2 ) ∈ ℂ 2 ∶ | 1 | 2 + | 2 | 2 = 1 then ℬ = 0⋅ 1 ∧ 2
Proof. This follows by direct computation with ( 1 , 2 ) = | 1 | 2 + | 2 | 2 − 1.
Corollary 3. If is the Heisenberg hypersurface
Proof. This can be handled either by direct computation as above or by applying (2.1b) to the projective automorphism
In the other direction we have the following result.
Theorem 4. ( [Jen] , [DeTr] , [Bol] ). ℬ vanishes identically if and only if is locally a projective image of the unit sphere (or equivalently, of the Heisenberg hypersurface ).
Proposition 5. Let be a smooth strongly pseudoconvex real hypersurface in ℂℙ 2 and let be a point in . Then there is an automorphism of ℂℙ 2 moving to 0 ∈ ℂ 2 so that the transformed takes the form
Proof. See [Bar, Prop. 5 ] and the following discussion.
(For projective normalization of higher-order terms see [Ham] .) For a hypersurface of the form (2.2) we have (by direct calculation) that
moreover the order of contact between and is
Thus the projective-umbilic points from the end of §1 are precisely the points where ℬ vanishes.
Example 6. The smooth portion {( 1 , 2 ) ∶ | 1 | + | 2 | = 1, 1 2 ≠ 0} of the boundary of the unit ball in ℂ 2 is locally CR-equivalent to the sphere, using a branch of , but contains no projective-umbilic points when ≠ 2 since ℬ = 2 − 1 2 1 2 1 ∧ 2 1 ∧ 2 in this case.
MAIN RESULT
Theorem 7. If is the boundary of a bounded strongly pseudoconvex complete circular domain in ℂ 2 then contains at least one circle of projective-umbilic points.
Proof. The complete circularity condition implies in particular that intersects each complex line through the origin in one circle ; since is strongly pseudoconvex, cannot be completely tangent to along , so in fact intersects transversely along .
It follows that we may write (3.1) ⧵ { 2 = 0} = 1 , 2 ∶ 2 ≠ 0, 2 2 = ( 1 ∕ 2 ) where is a smooth ℝ-valued function on ℂ. Similarly we may write Comparing the formulae we find that
Assuming that is not projective-umbilic at points lying on the 1 -axis we havẽ (0) ≠ 0.
It follows that the logarithmic integral ∫ , so ℬ has double (conjugate) zeros along each axis. In fact, has fourth order contact with 2| 1 | 2 + | 2 | 2 = 2 along the 1 -axis and with | 1 | 2 + 2| 2 | 2 = 2 along the 2 -axis.
Remark 9. The proof of Theorem 7 given above is essentially topological. Most of the results mentioned in §1 require a proof with more geometry (though topological arguments often suffice to prove weaker versions).
Question 10. Suppose that ⊂ ℂℙ 2 is a not-necessarily-circular compact strongly pseudoconvex real hypersurface satisfying the strong ℂ-convexity condition | | ℬ | | < 1 ([APS, Def. 2.5.10, [Bar] , § §5.2-3]). Must have a projective-umbilic point?
Example 11. The answer to the above question is negative if the strong ℂ-convexity condition is dropped. In fact, the example log | 1 | 2 + log | 2 | 2 = 2 from [ESZ] of a compact strongly pseudoconvex hypersurface in ℂ 2 without CR-umbilic points also has no projective-umbilic points when is small. (The latter claim follows from = − 1 2 1 2
(1 + ( )) 1 ∧ 2 1 ∧ 2
.)
Note: The strong ℂ-convexity condition appearing in Question 10 implies in particular that the domain bounded by is homeomorphic to the unit ball [APS, Thm. 2.4.2].
